We examine the stability of steady-state galileon accretion for the case of a Schwarzshild black hole. Considering the galileon action up to the cubic term in a static and spherically symmetric background we obtain the general solution for the equation of motion which is divided in two branches. By perturbing this solution we define an effective metric which determines the propagation of fluctuations. In this general picture we establish the position of the sonic horizon together with the matching condition of the two branches on it. Restricting to the case of a Schwarzschild background, we show, via the analysis of the energy of the perturbations and its time derivative, that the accreting field is linearly stable.
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I. INTRODUCTION
The description of the late-time accelerated expansion of the universe has motivated the study of many theories of modified gravity in the infrared limit (see [1] for a review). An example of such theories which displays interesting properties is the so-called galileon model [2] (see [3] for a covariant generalization), which owes its name to an internal symmetry in which the gradient of the scalar field is shifted by a constant. Such a symmetry constrains the Lagrangian of the theory to only five terms in 4 spacetime dimensions [2] . The galileon model is the most general scalar-tensor theory with equations of motion that contain no more than two derivatives (hence avoiding the Ostrogradski instability [4] ). Other important features [2] are (i) that it allows for the implementation of the Vainshtein mechanism [5, 6] , and (ii) the non-quadratic kinetic coupling leads to the propagation of perturbations in an effective metric, as we shall see below [7] .
The particular model that keeps only the first three terms of the Lagrangian of the galileon model, namely the cubic galileon, has been applied to the description of several phenomena, such as compact objects [8] and black holes in a cosmological setting [9] . Limits on the coupling constants of this model coming from terrestrial experiments have been obtained in [10] , and from cosmological observations in [11] . Its covariant version has been used to study the large-scale stucture problem [12] and tested with the Coma Cluster [13] . As with every new theory, it is important to continue the examination of the consequences of the cubic galileon, in particular by checking the existence and stability of relevant solutions. This task that was initiated in [14] , where the steadystate and spherically symmetric accretion of a galileon field onto a Schwarzchild black hole in the test fluid approximation was analyzed (both for the cubic galileon, * rodrigo.maier@uerj.br and for the combination of the second and fourth terms of the galileon model). Specifically, the conditions for the existence of the critical flow were established, as well as the dependence of the position of the sonic horizon with the parameters of the theory. Here we shall tackle the problem of the linear stability of the accretion of the cubic galileon analyzed in [14] , using a method developed by Moncrief [15] . Such a method is based on the evaluation of the sign of the time derivative of the energy of the perturbations in a given volume 1 . A negative sign together with the positivity of the energy of the perturbations implies linear stability. By use of Moncrief's method, we shall show that the abovementioned system is linearly stable.
II. PRELIMINARY SETTING
Let us consider a test galileon field φ whose action reads
where α > 0 and β are coupling constants and g is the determinant of the background metric. It is worth mentioning that here we do not take into account the "potential" term proportional to φ. In fact, as shown in [14] there is no steady-state solution for the accretion once such term is considered. Varying the action (1) with respect to the scalar field φ and adopting the following convention
for the Riemann tensor, we obtain that the equation of motion is given by
where γ ≡ β/α. Defining
the above equation of motion may also be written as
The variation of Eqn. (1) with respect to the metric g µν yields the following energy-momentum tensor:
We shall show next that the dynamics of the perturbations of the cubic galileon field is governed by an effective metric 2 . As discussed below, the effective metric is related to the liner stability of the system. Let us perturb the background field solution in such a way that φ(t, r, θ, ϕ) = φ 0 (t, r) + φ 1 (t, r, θ, ϕ). (3) , we obtain
Feeding this expression in the equation of motion
Defining the effective metricg µν as
the equation of motion for the perturbations reduces to
where∇ ν is the covariant derivative built with the effective metric. It follows from Eqn. (7) that the effective metric can be written as
where
is regular (and we shall see below that this is the case in the problem analyzed here), M µν can be taken as the effective metric tensor.
We shall set next the stability conditions, as discussed in [15] . Since the perturbations obey the equation of motion of a massless scalar field in the effective metric (see Eqn. (8)), it follows that the associated action for the perturbations is given by
2 See [18] for a review of the effective metric, and [7] for the case of a scalar field.
The variation of this action with respect tog µν furnishes the energy-momentum tensor for φ 1 , given bỹ
The conservation equation∇ µT µ ν = 0 is automatically satisfied taking into account the equation of motion for the perturbations.
As shown in [15] , if Z µ is a Killing vector of the effective metric, it follows that∇ µ (Z νT µ ν ) = 0, which can be written as
Choosing Z µ = δ t µ , integrating the above equation in a 3-volume V , and using Gauss's theorem, we obtain
where Σ is the surface enclosing the volume V . Using the definition of the energy of the perturbations, given bỹ
it follows that [15] 
An appropriate choice of the surface Σ will allow the determination of the sign of the RHS of Eqn. (14) without actually carrying out the integration. Such a sign, together with the finiteness and positivity of the energy of the perturbations, determines whether the system is linearly stable or not.
III. THE MODEL
In what follows we shall consider a background geometry given by
The steady-state assumption entails that the background field φ 0 takes the form
Using these equations in Eqn.(5) the following first integral for the equation of motion (3) is obtained:
where B is a positive arbitrary constant,
and the prime denotes the derivative with respect to r. It follows from Eqn. (18) that the derivative of the general solution of the equation of motion (3) is given by
Using the definitions v(r) ≡ F (r)ψ (r) and H(r) ≡ √ −g √ −M , the components of the effective geometry are given bỹ
The position of the putative sound horizon for the perturbations (denoted r s ) must satisfy the conditiong 
This expression will be used below in the equation of motion for the background to get the radius of the sonic horizon(s). The first integral displayed in Eqn.(17) may also be written as
Differentiating this equation with respect to r, we obtain the equation of motion (3) in the form
Evaluating the above equation at the sound horizon and using Eqn. (20) we end up with the requirement
in order to ensure that v is regular at r s . The roots of Eqn. (23) give the position of the sound horizons for a cubic galileon accreting onto a spherically symmetric black hole.
In what follows we shall choose the functions F and G as those of a Schwarzschild black hole in rescaled units, namely,
In this case we obtaiñ
so that the horizon condition is given by
which implies thatg tt (r s ) ≡ 0. In terms of v, the equation of motion reads (27) so that the requirement (23) turns into
For r → ∞, we obtain from Eqn.(19) that
and
While the result given in Eqn. (29) violates the assumption of homogeneity of the solution at spatial infinity, the solution given by Eqn. (30) is well-behaved in that limit. As pointed out in [14] , the value of B must be set by imposing that ψ + and ψ − and their derivatives match at r = r s . The surface r = r s (also called the critical point) is the acoustic horizon in the sense that the perturbations φ 1 inside this surface cannot escape towards the asymptotically flat region. For γ = 0, condition (28) yields only one real root r s > 1. Moreover, in order to obtain the matching of ψ ± | rs and their derivatives for r s > 1, γ must be negative. From now on we are going to restrict ourselves to configurations such γ < 0. For the Schwarzschild case, the first integral of the equation of motion, Eq.(27), is given by
so that where
As an illustration, let us take γ = −1. The sound horizon (for r s > 1) is located at r s = 1.71286 (with F | rs = 0.41618). The matching of the solutions at r s fixes the value of the constant B, given by B = 3.33294. A numerical plot of the first integral (31) for this case is shown in Fig.1 . It is worth noting that as |γ| increases, the position of the sonic horizon moves further away from the event horizon. We illustrate this behaviour through the plot built by numerical evaluation of Eqn.(28), shown in Fig.  2 .
IV. STABILITY
Let us now go back to the evaluation of the stability of the system. A convenient choice for the volume V is that encompassed between the surfaces r = r s and r → ∞. We shall decompose accordingly the integral in Eqn. (14) ,
It follows from Eqns. (7) and (30) that, for r → ∞,
andg tr → 0. Therefore,
The assumption that the perturbations fall off at least as 1/r p (with p > 0) together with the finiteness of the energy of the perturbations (see Eqn. (13)), implies that
so that I ∞ vanishes. Hence, the integral on the l.h.s. of Eqn. (14) reduces to
From Eq. (7), we have that
Since γ < 0 and r s > 1, it follows that the energy of the perturbations decreases with time.
To conclude that the system is stable, we still need to show that the energy of the perturbations is positive definite. It follows from Eqns. (11) and (13) that
It suffices then to show thatg tt > 0 andg ii < 0 for r > r s , with i = r, θ, ϕ.
Since the behaviour of H(r) = √ −g √ −M is shown to be regular for all values of the relevant variables in Fig.  3 (see below for details of this and the next plots), from now on we will take M µν as the effective metric. For the Schwarzschild case we obtain
These expressions are a function of r (through F , v and v ), and depend on the parameters γ and B (through v and v ). They can be rewritten in terms of F s and F as 3 . The constant B can be expressed in terms of γ and F s using the matching condition (ψ + − ψ − )| Fs = 0. Now γ can be written in terms of F s by use of the equation (28) evaluated at F s , which yields a second order polinomial in γ. We choose to work with the negative root since γ must be negative, as implied by the matching conditions (see Sect. III). We have then γ = γ(F s ), and B = B(F s , γ(F s )). These two relations allow us to write the metric coefficients given above as functions of F and F s only. We present in Figs. 4, 5, and 6 the plots of the metric coefficients for F s < F < 1. The solid black lines define the contours F = F s . The plots show that each coefficient has the sign required to make the energy of the perturbations positive for any value of F and F s in the relevant interval (that is, for any value of γ < 0). Hence, we conclude that the system is linearly stable.
V. CONCLUSIONS
We have shown that the system composed of a Schwarzschild black hole accreting a steady-state and spherically symmetric galileon field described by the action given in Eqn. (1) is linearly stable using the method developed by Moncrief [15] . This method rests in the determination of the sign of the time derivative of the energy of the perturbations through a surface integral and leads in a few steps to the linear stability of any stationary solution of the system at hand that goes from being homogeneous at infinity, passes through a sonic horizon, and reaches the Schwarzschild horizon. The method profits from the symmetries of the system, and it does not use the explicit form of the solution for the scalar field. Extensions of this work, currently under way, are the study of the nonlinear stability of the system (since linear stability is only a prerequisite for full stability), and the determination of the stability of the accretion in the case of the model described by the combination of the first, second and fourth terms of the galileon Lagrangian.
